Chapter 8
Electrodynamics & Relativity

* Special Relativity
* Relativistic Mechanics
* Relativistic Electrodynamics

Special Relativity:

Does the classical relativity apply to electrodynamics?

A stationary point charge produces no B field.
A moving point charge produces B field.
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The need for a special reference frame (Ether)?

Test of Ether: Michelson-Morley experiment
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There is no preferred
reference frame!

Einstein’s two postulates for the special theory of
relativity (STR):

1. The principle of relativity: The laws of physics
apply in all inertial reference systems.

2. The universal speed of light: The speed of light
in vacuum is the same for all inertial observers,
regardless of the motion of the source.

detector
-No Ether! It is a theory of inertial systems (without forces
involved), that's why it's called a special theory.
The relativity of simultaneity: Time Dilation: At
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Two events that are simultaneous in one inertial At= c = At= c > 7;
system are not, in general, simultaneous in another. 1_(\//0)

A Event is something that happens at position x at
time t, i.e., at (x,t).

So the time we measure in the two frames have

the relation: _
At = yAt

Moving clocks run slow. ‘




Time Dilation:

The time dilation is so strange to us. However, it
has been confirmed in several experiments.

Muons are created by cosmic ray interaction with
the upper atmosphere. At rest, their lifetime is
about 2 X 107%s and should not have time to
reach the Earth's surface. The time dilation extends
their life span as seen from Earth so they can be
observed on Earth’s surface.

You can also compare the lifetime of an accelerated
particle with a rest one in lab.
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The total time on the ground:
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According to time dilation: At = jAt

We have the Lorentz Contraction: AX=AX/y

Moving objects are shortened.

Elements of STR:

* Two postulates.

* Time dilation.

‘I\/Ioving clocks run slow. ‘

* Lorentz contraction.

‘ Moving objects are shortened. ‘

Dimensions perpendicular to the velocity are
not contracted!

A example of time dilation from movie <Interstellar>
The dad and daughter:

After the dad finishes his travel:
N

The Lorentz Transformations:

We want to transform the event
E from an inertial system S to
another inertial system S.

The Galilean transformation
gives:

Is this still valid?




The Lorentz Transformations:

system S

From Lorentz contraction: d =X—-vt=—X

Again from:

X=d-vi=x/y-vi = fzy(t_ : Xj
c

The Lorentz Transformations:

system S

»
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We arrive the Lorentz contraction:
(i) X=yp(x—vt) (i) y=y

(i) 7=z (iv) fzy(t—lzxj

c

Structure of spacetime:

Define: X’ =ct,f=v/c X' =x,x’ =y, x’ =z

The Lorentz contraction becomes:
(i) x=y(x-vt) = x'=p(x'-px’)
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= X=X
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(iii) = X=x
v)

. T v -0 0 1
(iv t=7(t—c—zxj = X' =y(x"-8x)
Which can be written in matrix form:
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X y —yB 0 0]lx
X! -8y 0 0fx _ 3
= = X“=) A
x* 0 0 1 0fx? Z:
X3 0 0 0 1] x

The vector form of Lorentz transformation is:
3
X“= D AUX = AUX
v=0
The 4-vector:
a* =(a’,a',a’,a’) is the contravariant vector.

— 0 41 42 43 H
a, =(a0,al,a2,a3)=(—a ,a',a’,a ) covariant vector

We have:

a,b”=a"b, =-a’b’ +a'h' +a’h’ +a’h’

The displacement of two events A and B:
AX* = X4 = X§
The interval is:

| = AX,AX* = —C’t* +d°

For I < 0, the interval is timelike.
For I > 0, the interval is spacelike.

For I = 0, the interval is lightlike.

Space-time diagrams:

Your future at t

ct / [ - Your future, - \A‘Li E‘;l}i U’LV
! | =t
e att=0 o v
Rocket |/ I — 7
Photon |
I
/ \ P 7 I
' { Present Present
A a | X Your world line
| }
/ e | i
Ve |
. | /
. ] t
P ¥ Particle__| Your past.
. | 0
o7 atrest | wi=0 o

Figure 12.22




Space-time diagrams:

(@

®

Timelike (c?t? > d?) Spacelike (c*t? < d?)

The invariant interval between causally related

events is always timelike!

Can you solve the twin paradox?

Twin A stays on earth, while twin B travel at high
speed to star X. When B returns, due to the time
dilation, A find that B is younger than him.

However, in B's reference frame, twin A is
travelling at high speed. So when they meet, B
think A is younger than him.

So which one is younger?

The space-time diagram for twin paradox:

It is not symmetric ct
between A and B.

The changing of
reference frame is
the reason of this
“discrepancy”.

stationary
twin

simultaneity
planes (ret. trip)

traveling twin

simultaneity
planes (trip out)
B

Ex: After their 215 birthday, twin B travel to star X and
back immediately with speed 4c¢/5. He returns at his
39t birthday.

1. How old is twin A? 51
2. How far is star X? 12

Let S, S, S” be the reference frame of twin A, out
trip of twin B, back trip of twin B. E is the event
when B gets to star X.

Find coordinate of Ein S, S', S".
(x,t) = (12,15)

A x
(x',t") = (0,9) (x",t") = (40,41)
Let's check an example.
t
E: ' F Relativistic Mechanics: energy, momentum, and forces
30 N
S: (x,t) = (12,15)
S (x',t") =(09) Suppose you progress along your world line.
S (x",t") = (40,41) Your proper (own) time dt is connected to dt of
F 15 E ground observer due to time dilation:
1
S: (x,t) = (0,30) B dt = —dr =ydr
S (x',t") = (—40,50) J1-v*/c?
S (x",t") = (40,50) o0 - Proper time is independent of references.
A

So twin A’s age according
to B's return frame is:
21+ﬂ=21+50-§=51
/4 5

Here velocity v is the relative speed of two
inertial reference frames.




Now suppose you are flying to HK to join an
important conference. The pilot announces the
velocity is 4c/5. What does he mean?

Hemeans: dl and dt are both
_dl 4
i=—=—cC measured from the
dt 5 ground.
But you measure a different velocity:
_odl L
7=—=yl dt is invariant.
dr

Here u is called ordinary velocity, n is called
proper velocity. The latter one transforms simply.

u
In 4-vector form: 7 _a = n'= dx
dr dr
Since the proper time dt is invariant, the Lorentz
transformation from S to S gives:

7' =y(n"-pn') n°=i—)&=cg—t=07
7' =y(n'-Bn) T
772:772

o Proper velocity 4-vector
n=n —y n*= qu"

This transformation is much simpler than ordinary
velocities, where we need to transform both the
denominator and numerator.

Relativistic Energy and Momentum:

We know p = mv. But in STR which v we need to
use?

It turns out the relativistic momentum:
p=my=myl
cdt mc

pr=mpt = pl=my’ =M= ——
dr  1-u?/¢?

The relativistic energy:

mc?

B Ea e R L

Relativistic Energy and Momentum:
2

g___me b= ma
Ji-u*/c? V1-u?/c?

The rest energy: E mc?

rest

The kinetic energy:

E, =E-mc’ = mcz(

1
—
J1-u*/¢c? J

+ .-

1 3mu’

~—mu’ +=—
2 8 ¢

Foru < ¢, we get the classical formula.

Is the energy invariant? Is the energy conserved?

invariant: same value in all inertial systems
conserved: same value before and after process

energy/rel mass is conserved, not invariant.
momentum is conserved, not invariant.
mass is invariant, not conserved.

velocity is neither conserved nor invariant.
charge is both conserved and invariant.

2 —
p“p,=—(p") +P-P
_ m% c2+ m’u’
1-u*/c? 1-u*/c’
- m2c?

So we have the famous energy-momentum
relation:

‘Ez _pic?= m2C4‘

You can calculate E /p without knowing its
velocity using this relation.




Relativistic Kinematics:

Ex: Two particles with mass m collide head-on at
3/5c. They stick together. What is the mass (M)
of the composite particle?

Sol: 3 N . Q G
I_jb ; — D‘ " — O (before) (after)
mc? 5
Ebefore = T o x2= _mCZ
1-(3/5)
mc®
Eafter = MC2 = Ebefore = —2X 2= émCZ
1-(3/5)
—> M= %m

Massless particle:

In classical mechanics there’'s no massless particle.

mc? . ma

E-__©~ T
JI=u?/c? P J1—u?/c?

For massless particle, E and p go to zero.
However we know for a photon m = 0. But we

have learned that EM field carries non-zero E
and p. What's wrong?

There is only one possibility:

The velocity of a photon is ¢. Photon has to
travel at the speed of light!

E2—p’c’=m’* ——=> E=pc=hv photon

Compton Scattering:

A photon of energy Ey bounces off an electron,
initially at rest. Find the energy E as a function of
scattering angle 6.

bu

Conservation of p: e
Photon
pe Sin ¢ = pp Sin 9 Electron

(before) (after)

E,/C=p,cosg+ p,cosd
> pc’=E; —2E,Ecosf+E’
Conservation of E:

E,+mc’=E +E, = E +m’c" + pc’

= E+/mc* + EZ - 2E,Ecos0 + E’

Photon

Compton Scattering:

Ey

Electron Electron

From the equation:

(before) (after)

E, +mc’ = E +m’c* + E - 2E,Ecos @ + E?

We get:

1 hc
5 =hv=—
(1-cos8)/mc® +1/E, A

—> A=4, +L(1—cost9)
mc

h/mc is the Compton wavelength of the electron.

Relativistic Dynamics:

Newton’s first law is built into the principle of
relativity.

Newton's second law is valid in relativistic
mechanics, when you use the relativistic

momentum:
£ _dp b= ma
dt’ V1-u?/c?

Is Newton'’s third law still valid in relativistic
mechanics?

Work-Energy theorem:

The net work done on a particle equals the
increase in its kinetic energy.

wzjﬁ.dl“zjz—?%dtzji—?-adt

g9 mu e u/c’ du oo 1 mdd |
dt\1-u?/c? lfuz/cz)y2 dt Ji-u/e? dt
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Ordinary Force:
The transformation of F is ugly:

g% __ d K
b dt y(dt—pdx/c) y(1-pu,/c)
C dﬁz dpz I:z
FZ:—_Z =
dt  y(dt—pdx/c) y(1-pu,/c)

B dE
= _dp,_r(de—pde’) By

“TdT p(dt-pdx/c) 1-pu,/c
If u =0, then:
= = 1
F=F, F.=—F
Y

Minkowski Force:

You might have guessed there is a simplified
force-Minkowski force, which transform simply:

do_dpadt 1

dr dtdr J1=u?/c?
However, since the dynamics is dependent of
ordinary time, the ordinary force is more useful

sometime. For example, Lorentz’s force law is a
law of ordinary force:

K=

If:q(E+U><I§)¢K

Ex: A particle of mass m is subjected to a constant
force F. It start from rest at origin. Find its position
as a function of time.

S ° | d Classical
(parabola)
dt e
Ft/m A
U=— 7,
1+(Ft/mc) .
t

[ FtY
X(t):,!u(t/)dt/ﬁ!ﬁthm: [ 1+(Ft/mc)2—1]

. . .. Ft
In classical limit; o KLc

Ex: As a model for a magnetic dipole m, a uniform
electric field E accelerates the charges in the left
while decelerates in the right. Find the total
momentum. L

O ©] O

Sol: o s o
Because of the symmetry, . olbs 1l ﬁE
the momentum on the left o <L 8

and right side cancel. 00000000000
The current on the upper il
and lower side is the same: !
N N I
I=%u+=%u_ = Niuiza

N: # of particles  Q: charge of each particle

Classically we have:
Petassical = MU+N+ -MuN_=0
Relativistically we have:

p=yMu=y MuN, —y Mu_N_ .
—M—”(7 -7.) | 1
Q " N,u, =—
Q

The energy gain from low to up side:
(7. —7_)Mc* =QEw

So we get: HEw . 1
2

p= v p=C

(me), m = llw

p to the right, m into the page

Relativistic Electrodynamics:

Now imagining you live on a planet where people
know nothing about magnetism. But they know much
about special relativity, however.

| =2Av

No net charges
in the wire

I:> No forces on q




VFU
* 1xwu/c?

In the charge q frame S: V, =
1
The charge density: A, =ty 4, =t ——=4,
Jl-vi/c?

InS frame: A=y4,=4,/V1-v*/C’
lFuv/c?

oot T e

So the total charge density in S:

—2Uv
Ao =AFA =41~V )= F——=
t ol ) cNl-u?/c?
This net charge sets up an electric field: E 2&
7IE,S

So there will be electric force F acting on q:
If — qE — qﬂ'[ot — ﬂ’vz qu
27g,S TELC™S \/1—u2 /c?

Since the physics is the same, there must be also a
force on q in frame S

F=vVl-Uu’/c’F=- /lvzq_u:_qu(,u_olj

mE,LL” S 27s
This means there is a hidden force F in S. This is
exactly the Lorentz force! Then you call it a magnetic

force and define the magnetic field:

B =yl /27s

From above calculation we learn that:

Magnetism is a relativistic effect.

The origin of Magnetism comes from relativistic
dynamics of charges, i.e., comes from the relativistic
electrodynamics.

Why a charge current produces magnetic field?

Because the moving charges see different spacetime,
leading to a hidden force to any point charge.

The interpretation may be different. Magnetic field in
one frame might be electric in another.

Now we want to see what's the transformation
rule from one frame to another. y

o
E,=—, B,=-y0V,
&y

Transform to S:
_ 5

E, = . B, =—u,0V
Ve V+V, = 1
1+w, /¢’ J1=v2 /¢?
o =)0,

CZ

— 2 2 2
Sincei—‘” Vo /€' 1+w,/c =}/(1+—°)

Vo N1-V2/c2 J1-v2 /&




Similarly we have:

E,=E, E,=y(E,-vB,) E =y(E,+B

Before we go to tensor form of Maxwell’s equations,
let’'s define an antisymmetric field tensor:

‘ g 0 E./c E//c E/c
_ _ Vv — v
Bx = Bx By :7(By +C_2Ezj Bz :7/£Bz _C_zEyj E® = _EX /c 0 BZ _By
-E,/c -B, 0 B,
Let's see some special cases.
T g -E B -B
For B=01in S: V=V | “E./¢ B, « 0
N Voo 1 = Its dual tensor is: E/c>B, B>-E/c
B=yc—z(Ezy—EyZ)=C—z(Ezy—Ey2)=‘c—z(VXE) 0 B B B
ForE=0inS: -B, 0 -E,/c E,/c
G,uv: y
g BU_ B3 B0 B3\ -vxB -B, E,/c 0 -E, /c
=—pv -B,Z)=-v -B,Z2)=V
7v(B.9-B,2)=~v(B,§-B,2)=vx B, -E,/c Ej/c 0
Maxwell's equations can be written in tensor form: OFY  GF AF" GF2 oFD ]
T o T T T T Mo
oF* Y oG*" 0 OX OX OX OX OX
o' T 1 9E, 0B, 0B, 1 GE -~ <
=—— t—t——>=| -—5—+VxB | =pJ,
Let’s proof that! c o gy o c ot X
oF* oF*»
oF™ oF” oF" OoF” oF” 0 =, =
= + + + = f4,J OX OX

x'  ox' ox' axr o ox
oE _
:l[aEx y+aEZJ=lV'E=,UOCP
c

+
clox oy oz

I:> Ampere’s law with Maxwell’s correction:

—,uog()%+VxI§:yoj

-B, -E,/c EJ/c 0

|:> Gauss's law: 0 EJ/c El/c Elc 0 EJ/c Elc Elc
vE-L  eE L % e Bl
&) —Ei/c Byz -B, 0 —Ei/c Byz -B, 0
oG"» B oGY  aG" aG” aG* B The field tensor can also be expressed in terms of
o T o =0 4-4-vector potential:
_ v u
:%4—%4—@:0 I::> V-B=0 w_ ON_OA
x oy oz X, OX,
oG - oG N oG . G2 N oG 0 oG B Where the 4-vector potential:
x' " o o ox ' A=V /c,ALALA]
:_l@_laEz +l@:0 oG™ _ You will find in the Lorentz gauge, the Maxwell’'s
cot coy c oz ox" equations reduce to a single formula:
I:> Faraday’'s law: o’ A = —Hyd"”
- OB _OBK E:) _EB:/C ;Z/C This is the most elegant and simplest formulation
Vx E+E= 0 e e 0 Elc of Maxwell's egns.!

The End.




